Abstract. In this paper, we compute the long-time asymptotics for small solutions of the Manakov system which is a coupled system of nonlinear Schrödinger equations just under the assumption that the initial data lies in the weighted L 2 space. This will be our first step to understand the long-time asymptotics of higher order AKNS systems in low regularity spaces and analyze the interaction of modified scatterings. In the last section, we also discuss on the interaction of the linear and the modified scattering. Our techniques are relied on the idea of the space-time resonance.
1. Introduction 1.1. General introduction. In this paper, we consider the long-time dynamics of small solutions to the Manakov system in L 2,1 (R). More specifically, we analyze the following coupled NLS system (1.1) iu t + 1 2 u xx + ǫ 1 |u| 2 + ǫ 2 |v| 2 u = 0 (1.2) iv t + 1 2 v xx + ǫ 3 |u| 2 + ǫ 4 |v| 2 v = 0 with ǫ j = ±1 and initial data (1.3) u (1) = e where ǫ j = ǫ k = ±1 corresponds to the focusing and defocusing case respectively. Like the scalar NLS equation, the Manakov system is a universal model for the evolution of weakly nonlinear dispersive wave trains. In particular, the Manakov system in an integrable system. It appears in many physical contexts, such as deep water waves, nonlinear optics, acoustics, Bose-Einstein condensation, see the book by Ablowitz-Clarkson [AC] for a more comprehensive introduction and reference.
The study of integrable system has a long history, see again for example Ablowitz-Clarkson [AC] . The asymptotic analysis of the long-time behavior of solutions to integrable systems have been extensively treated by many authors, see for instance Deift-Zhou [DZ, DZ1] and Deift-Its-Zhou [DIZ] . For the asymptotic analysis, many works are carried out under the assumptions that the initial data is smooth even in Schwartz spaces. Recently, many works are devoted to relax the regularities of the initial data. In particular, among the most celebrated results concerning nonlinear Schrödinger equations, we point out the work of Deift-Zhou [DZ] where they provide the asymptotics for the NLS in the weighted space L 2,1 . This topology is more or less optimal from the views of PDE and inverse scattering transformations. The global L 2 existence of the cubic NLS can be carried out by the L 4 t L ∞ x Strichartz estimate and the conservation of the L 2 norm but in order to obtain the precise asymptotics, one needs to pay the price of weights. For the derivative NLS, we mention the work of Jenkins-Liu-Perry-Sulem [JLPS] . From the aspect of AKNS systems, see Beals-Coifman [BC] , the NLS, the derivative NLS and the MKdV are all 2 × 2 AKNS system. Only few results concerning the long-time behavior of higher AKNS system, in particular in low regularity spaces, are known to the author's knowledge at this point. In this paper, we initiate our first step to understand the long-time asymptotics of higher order AKNS systems. Recall that the Manakov system (1.1), (1.2) and (1.3) is a 3 × 3 AKNS system, also see Liu [Liu] .
From the view of PDE, the problem of asymptotic behavior of small solutions of nonlinear evolution equations has been extensively treated in literature. Typically, one expects that solutions of nonlinear PDEs, evolving from small Cauchy data, behave asymptotically in time like solutions of the associated linear problem which is called the scattering theory, see for instance the book by Tao [Tao] for reference. But there are many problems where small solutions do not scatter to linear evolutions. To identify nonlinear global dynamics is challenging. Indeed, there are not many results in the field where a small nonlinear solution is proven to exist globally and behave, for large times, differently than a linear one. For the NLS problem which is closed to our system, Hayashi-Naumkin [HN1] use PDE techniques to obtain the asymptotics of the NLS including modified scattering in various setting. These authors also proved long range scattering results for other dispersive equations such as MKdV in [HN2] . For more reference, see for example [HN1, HN2, KP, CN, DZ, O] . In Kato-Pusateri [KP] , the authors provide a new approach based on space-time resonance analysis developed by GMS2, GMS3] to study the long-time behavior of the NLS which might be used in situations where the asymptotic behavior of a nonlinear solution differs from the linear one by a phase correction term. For discussions on the analysis of space-time resonance, see GMS2, GMS3] and Kato-Pusateri [KP] . We will apply the methods in Kato-Pusateri [KP] to the coupled system and obtain the long-time asymptotics of solutions to the Manakov system. From the aspect of PDE, since the long-time behavior of cubic NLS is nonlinear in 1 − D, i.e., modified scattering (there is "Coulombic"-type contribution of the nonlinear term which causes phase-shift terms in the asymptotic formulae), the interactions between two solutions to the cubic NLS as the Manakov system are not clear. In this paper, we can find the influence of these interactions explicitly 1.2. Main results. Before formulating the main results, we introduce some notations.
We define Fourier transforms as
For the weighted L 2 space, we define
Then by the trivial Sobolev embedding,ĥ (ξ) ∈ L ∞ . With the preparations above, our main results are the following: Theorem 1.1. Consider the Manakov system (1.1), (1.2) with initial data (1.3).
Then there is a unique pair solutions to the Manakov system (1.1), (1.2) with u ∈ C R; L 2,1 (R) and v ∈ C R; L 2,1 (R) such that
Moreover, there exist a unique pair of functions W 1 ∈ L ∞ and W 2 ∈ L ∞ such that for t ≥ 1, we have
Using the above information, we can future deduce the asymptotic formulae for both u and v.
Corollary 1.2. Using the notations from Theorem 1.1, there exist a unique pair of functions Φ 1 ∈ L ∞ and Φ 2 ∈ L ∞ such that as t → ∞, one has
uniformly in x ∈ R for some β > 0.
Since for the small data problem, the focusing problem and the defocusing problems can be treated in the same manner (note that in the space we are interested in there is no small solitons), we focus on the defocusing case. Hereinafter, we will only analysis the problem with ǫ j = 1 and other cases would be similar. 1.4. Organization. The paper is organized as follows: In Section 2, we discuss some preliminary results. In Section 3, we will analyze the weighted estimates and the pointwise decay. In Section 4, we study the long-time behavior of the small solutions. Then we discuss some generalizations in Section 5.
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Preliminaries
In this section, we collect some basic results used in the later part of this paper. First of all, recall the standard 1 − D dispersive estimate for the free Schödinger flow. See for example [HN1] .
Lemma 2.1. The linear free Schödinger flow has the following dispersive estimate
for x ∈ R and γ > 1 2 + 2β. Moreover, the above estimate implies [CW] with some slight modifications to the coupled system. We summarize as following:
First of all, we define for 0 < α small,
Then there is a finite time T such that one can find a unique pair solutions to the Manakov system (1.1), (1.2) and (
As in Kato-Pusateri [KP] , we denote the profiles of u and v as
Using the Duhamel formula, we write
where we define
Using the notations of profiles, one has
Taking Fourier transforms and using the structures of nonlinearities, one haŝ
where due to the structures of nonlinearities, we rely on
Making a change of variables, say, ξ − σ → σ and σ → ξ − σ, we obtain
Detailed estimates
In this section, we will prove the pointwise decay estimates in Theorem 1.1. Also, since we are interested in the long-time behavior, we start our analysis from t = 1. Applying bootstrap, we first restrict our analysis on [1, T ] and show one can improve our bootstrap assumption so we can extend everything to be independent of T .
Motivated by Hayashi-Naumkin [HN1] and Kato-Pusateri [KP] , we define (3.1)
where X T mean spaces restricted on [1, T ] . By Theorem 2.2, for the data given as Theorem 1.1, we have
Taking (3.2) as the bootstrap assumption, we will show
Remark 3.1. We point out that in Hayashi-Naumkin [HN1] and Kato-Pusateri [KP] , the authors analyze the asymptotic behavior in H 1,1 (R). Similarly in Deift-Zhou [DZ] , the authors first consider the problem in H 1,1 (R). In this last part of Deift-Zhou [DZ] , they apply an approximation argument to show the asymptotic behavior remain valid in L 2,1 (R). Here we attack L 2,1 (R) directly but the results for H 1,1 (R) can be shown similarly.
We need to estimate the nonlinear terms. First of all, the L 2 estimate is trivial due to the conservation law.
3.1. Weighted estimates for profiles. Now we check the weight L 2 norm of f and g. Recall that formulae (2.12) and (2.13), the Duhamel expansion for the Fourier transforms off andĝ. Using the notations in (2.7), (2.8), (2.9) and (2.10), it is clear that the important parts are
From the view of duality between the physical space and the Fourier space,
We analyze C (u, u, u) (t) , C (v, v, u) (t) and the other two terms are similar by symmetry. Firstly, writing down everything explicitly, one has
and then similarly,
By the duality and Duhamel formula, redistributing the phases on three profiles, we have
where in the second line, we applied our bootstrap assumption (3.2). Similarly,
Therefore, we can conclude that
Hence we obtain our desired improvement in (3.3) for the weighted norms for profiles.
Pointwise decay.
Next we try to analyze the L ∞ norms of u and v. From the 1−D dispersive estimate (2.1) for linear free Schödinger flow, we first need to show the boundedness of the L ∞ norms off andĝ. We work on the Fourier space directly using formulae (2.12) and (2.13). Compared with the regular cubic NLS, it is trivial to notice that now f and g are coupled together. Denote (3.12)
By Plancherel, we writef
where we used
we can writef
Lemma 3.2. We have the following estimates
2 . Proof. We analyze R 2 since the analysis of R 1 is the same the cubic NLS nonlinear term and other terms are similar.
Recall that the formula for R 2 from (3.19). Then for any 0 < δ < 1 2 , by construction,
So we have
Furthermore, notice that F
which will give us
Therefore, overall, we obtain 
We are done.
With Lemma 3.2, we notice that
Then we obtain
Therefore, by estimates (3.22) and the Sobolev embedding
and similarly by estimates (3.23) and the Sobolev embedding
XT . Then we apply the 1 − D dispersive estimate for the free Schödinger operator coming from stationary phase. By Lemma 2.1, choosing 3α < δ and α < β < 1 4 , we have
and similarly
Then we obtain our bootstrap improvement (3.3). Hence the pointwise decay estimates (1.7) in Theorem 1.1 are proved.
Long-time asymptotics
In this section, we complete Theorem 1.1 and prove Corollary 1.2. From the above discussion, we obtain that t
To study the precise long-time asymptotics, we try to find the phase shifts in our problem. With the above estimates, the computations to find the phase shift for the cubic NLS is standard, see for example HayashiNaumkin [HN1] . Here since we have the coupled system, the situation might not be so standard, so we provide the computations here. We look the the equation forŵ 1 andŵ 2 . Recall that
Notice that
(4.1) uniformly.
Therefore, there exists a unique
Letting s → ∞ in (4.1), we obtain that
Decipheringŵ 1 , one can conclude that
Similarly W 2 can be obtained and one has
So we obtain the estimates (1.8) and (1.9) in Theorem 1.1. Next, we derive Corollary 1.2. We define
where we choose s < t. Note that
Similarly, as before,
In a similar manner, one can define Ψ 2 (t) and find Φ 2 . We can also obtain (4.9)
Then we check
Then by f = |ŵ 1 | and |ĝ| = |ŵ 2 |, we have
Therefore form formulae (4.3) and (4.4), we obtain
Then from the dispersive estimate formulae (2.1), we conclude
Extensions
Since the techniques used in this paper are not relied on the integrability, we can also use these approaches in many other coupled contexts so long as the nonlinearities have certain nice structures. For example the Hartree type nonlinearities. All arguments can also work in higher dimensions provided the nonlinearities enjoy certain structures. In this section, we give two specific examples to illustrate the this. In the last part of this section, we use two concrete coupled NLS systems to illustrate the interactions of the modified scattering and the linear scattering.
Hartree type NLS.
For the Hartree type nonlinearities as [HN1, KP] , for example, we can consider in n ≥ 2, the following coupled NLS with Hartree type nonlinearity:
with with ǫ j = ±1 
As for the asymptotics, there exist a unique pair of functions Φ 1 ∈ L ∞ and Φ 2 ∈ L ∞ such that as t → ∞, one has
uniformly in x ∈ R n for some β > 0.for some 0 < δ < 
Vector NLS.
Similar to the Manakov system, we can also analyze a vector nonlinear Schrödinger equation. More specifically, we consider
satisfying the system of equations, k = 1, . . . m, ǫ k,j = ±1,
Then we have the generalizations of Theorem 1.1 and Corollary 1.2 which are summarized as following
Then there is a unique system of solutions the Manakov system (5.4), (5.5) and (5.6) such that u k ∈ C R; L 2,1 (R) . One has the pointwise decay
Moreover, there exist a unique system of functions W k ∈ L ∞ such that for t ≥ 1, we have
As for the asymptotics for each u k , we conclude that there exist a unique system of functions Φ k ∈ L ∞ such that as t → ∞,
for some β > 0.
5.3.
Interactions between linear and modified scatterings. The analysis in the same spirit as our discussion can be also applied to coupled NLS systems with various powers. We consider two examples. In the first example, the linear scattering and modified scattering are decoupled and in the second one, they are coupled together. Here for simplicity, only some easy systems are given here. We should expect these phenomenons appear in more general settings. First of all, we consider
with with ǫ j = ±1, p j ≥ 3 and
Then in this system, asymptotically, the modified scattering and linear scattering are decoupled
Then there is a unique system of solutions to the NLS system (5.7), (5.8) and (5.9) with u ∈ C R; L 2,1 and v ∈ C R; L 2,1 . One has the pointwise decay
Moreover, there exists a unique pair of functions W 1 ∈ L ∞ such that for t ≥ 1 and f (t, x) = e −i t 2 ∂xx u (t), we have
and as for the asymptotics, there exist a unique function Φ 1 ∈ L ∞ such that u satisfies the asymptotic behavior
uniformly in x ∈ R for some β > 0.for some 0 < δ < 1 2 . For the linear scattering part, there exist a unique function v 0 ∈ L 2 such that
and there exists a unique function W 2 ∈ L ∞ such that
Moreover, we have
Proof. The idea here would be similar as the analysis for the Manakov system. We only sketch some difference here. For simplicity, we focus one the case that p j = 3. For higher order cases, the proof would be the same. Compared with the cubic problem, the main difference here is we use the physical space when dealing with |u| 3 and |v| 3 since they provide enough decay to integrate. Moreover, since the power in the equation for v is large, we can derive that
More precisely, one considers the similar spaces we used above to do bootstrap:
where X j,T mean spaces restricted on [1, T ] .
Again by the local existence theorem, one has (5.12)
Taking (5.12) as the bootstrap assumption, we will show (5.13)
Focusing on the Duhamel formula for v, one has
and the profile can be written as (5.14)
Applying x on both sides, it suffices to bound the second term. Using the commutative property of x − it∂ x , one has
We just focus on the computations
The first term is easy to deal with. For the second term, setting g u 2 = |u| 3 , we have
To deal with
Alternatively, we can use Lemma 5.4 which gives us
Therefore, applying the above estimates and using the bootstrap assumptions, one has
XT,2 . Therefore, using the Duhamel formula (5.14), it follows
which gives us the global bound for xg (t) L 2 and the desired improvement of the bootstrap assumption.
Similarly, to deal with
the contribution from the second term in Duhamel formula is integrable when we take the L 2 norm to xf . But the first term will contribute some mild growth.
Hence by the same argument as in Section 3, we can conclude that (5.15)
To see the long-time asymptotics for v, we simply try to find v 0 as in the statement of the theorem. To find v 0 , by the standard scattering method, formally v 0 should be given as
We just need to show v 0 ∈ L 2 . But this is clear since
Then by construction, automatically, one has
Moreover, actually one can should have xv 0 ∈ L 2 . Taking
by Lemma 2.1, we have
It remains to check the the long-time behavior of u and f . Using the notations from Section 3, one has
Then as we computed above, it follows that
X2 . So as R 1 , R will only contribute some error terms.
Similar to the cubic problem computations, we can set
Then from the ODE (5.17), we obtain
X2 . Then following Section 4, notice that
Letting s → ∞ in (5.21), we obtain that
By the same argument as in Section 4, we can also obtain the phase correction Φ 1 and conclude that
Lemma 5.4. Setting u = e i t 2 ∂xx f , we have the following bilinear estimate
Proof. Taking the Fourier transform, we need to bound the L 2 norm of
Looking at the Fourier transform of
we need to analyze
Integration by parts, Therefore,
as desired.
For the second example, we consider the case that the the linear scattering component is coupled the cubic NLS in the critical way: Then in this example, the linear scattering and the modified scattering are coupled together.
Theorem 5.5. Let u ⋆ , v ⋆ ∈ L 2,1 with u ⋆ L 2,1 + v ⋆ L 2,1 ≤ ǫ for some 0 ≤ ǫ ≪ 1 small enough. Then there is a unique system of solutions to the NLS system (5.24), (5.25) and (5.26) with u ∈ C R; L 2,1 and v ∈ C R; L 2,1 . One has the pointwise decay
Moreover, there exists a unique pair of functions W 1 ∈ L ∞ such that for t ≥ 1 and f (t, x) = e −i The proof of the above theorem is simply a combination of the analysis of Manakov system and Theorem 5.3.
Final remark.
We can see the results from this paper that although modified scatterings are nonlinear dynamics, one can see the coherent correspondence among nonlinearites, nonlinear interactions and the phases in the asymptotics. We hope to explore more in this direction in the future, in particular, coupled systems with different types of equations
